We consider a k-tridiagonal ℓ-Toeplitz matrix as one of generalizations of a tridiagonal Toeplitz matrix. In the present paper, we provide a decomposition of the matrix under a certain condition. By the decomposition, the matrix is easily analyzed since one only needs to analyze the small matrix obtained from the decomposition. Using the decomposition, eigenpairs and arbitrary integer powers of the matrix are easily shown as applications.
Introduction
A tridiagonal Toeplitz matrix is widely known and arises in the finite difference discretization of the differential equation. For recent developments, see, e.g., [2, 3, 5, 12, 13] .
There are the following two matrices as generalizations of tridiagonal Toeplitz matrices: first, an n × n k-tridiagonal Toeplitz matrix T = (t i,j ) is a Toeplitz matrix such that t i,j = 0, where |i − j| ≠ k and i ≠ j. For developments of the matrix, see, e.g., [4, 7] . Second, an n × n tridiagonal k-Toeplitz matrix S = (s i,j ) is a tridiagonal matrix such that s i+k,j+k = s i,j . For developments of the matrix, see, e.g., [1, 6] .
Most recently, combining the above two matrices, an n-by-n k-tridiagonal k-Toeplitz matrix is considered. In fact, analytical forms of the determinant, eigenvalues, and the permanent were given in [8] .
In the present paper, we consider an n-by-n k-tridiagonal ℓ-Toeplitz matrix T (k) n(ℓ) (d, a, b) that is an extension of the k-tridiagonal k-Toeplitz matrix [8] . Here, d, a, and b are ℓ-dimensional column vectors in C and represent sets of main and sub diagonal entries in T 
where (1, k + 1) element is a 1 , and (k + 1, 1) element is b 1 . The k-tridiagonal 1-Toeplitz matrix given by the case ℓ = 1 in (1) is corresponding to the k-tridiagonal Toeplitz matrix.
We propose a decomposition of the k-tridiagonal ℓ-Toeplitz matrix by using tensor product and matrix addition. The eigenpairs, i.e., the eigenvalues and the eigenvectors, and arbitrary integer powers of the original matrix are easily computed by those of the smaller one obtained from the decomposition.
Here, tensor product, which is also referred to as the Kronecker product and is denoted by the symbol "⊗", is briefly explained. Let A ∈ C m×n and B ∈ C p×q . Then, A ⊗ B is defined as
where a ij represents (i, j) element of A. It is known that if the matrix products AC and BD are defined, then
Using the property in (3), the eigenpairs of A ⊗ B, where A ∈ C n×n and B ∈ C m×m , are represented as follows:
let (λ i (A), x i (A)) and (λ j (B), x j (B)) be the eigenpairs of A and B, respectively, where i = 1, 2, . . . , n and j = 1, 2, . . . , m. Then, the eigenpairs of A ⊗ B are
In addition, it is known that the Kronecker product for a block matrix is given by
where
The present paper is organized as follows. In Section 2, we propose a decomposition of a k-tridiagonal ℓ-Toeplitz matrix by using tensor product and matrix addition and show an example of the decomposition. In Section 3, the decomposition is applied in order to simplify computing the eigenpairs and arbitrary integer powers of the k-tridiagonal ℓ-Toeplitz matrix.
Main results
In this section, we present a decomposition of an n-by-n k-tridiagonal ℓ-Toeplitz matrix T (1) by using tensor product and matrix addition. 
where e (ℓ)
i denotes the ℓ-dimensional i-th canonical vector.
(d, a, b) can be partitioned intoñ ×ñ blocks as shown in (5). Moreover, all the sub matrices are classified into the following four types: the ℓ-by-ℓ zero matrix O ℓ,ℓ , diag(d), diag(a), and diag(b), where diag(d) represents an ℓ-by-ℓ diagonal matrix with elements of d on the diagonal.
where diag(a) in the first row is (1,k + 1) block, and diag(b) in the first column is (k + 1, 1) block.
From n =ñℓ and k =kℓ, the number of diag(d) in (5) isñ, and the numbers of diag(a) and diag(b) in (5) 
T . diag(a) and diag(b) are also represented in the similar way.
are thek-tridiagonal Toeplitz matrices, the matrices are represented by
where Ip and Op,q denote the p-by-p identity matrix and the p-by-q zero matrix, respectively. Substituting (6) into the right-hand side in (4) yields
(7) is equal to (5) from the definition of tensor product in (2) . This completes the proof. 
Proof. The tensor product decomposition [10, Theorem 1] is applied to theñ-by-ñk-tridiagonal Toeplitz matrices T
Namely, the matrices are decomposed into
Therefore, (8) is obtained.
Next, an example of the above decompositions is shown. 
For simplicity, T , we haveñ = 4 and k = 2. Then, the matrix is decomposed as follows:
Moreover, T
8 (2) is also decomposed by Corollary 2.2 since n ′ = 2, k ′ = 1, and m = 2 are obtained from ℓ = 2, n = 8, and k = 4. Then, T
8 (2) is decomposed as follows:
Applications
In this section, proposition and corollaries are shown in order to simplify computing the eigenpairs and arbitrary integer powers of T a, b) be an n-by-n k-tridiagonal ℓ-Toeplitz matrix decomposed by Theorem 2.1.
Eigenvalues and eigenvectors of k-tridiagonal ℓ-Toeplitz matrices
Then, the eigenpairs of T
Proof. By applying Theorem 2.1,
where (9) is obtained from the property of tensor product in (3) and the orthonormality of e (ℓ) d, a, b) .
The orthogonality of the eigenvectors (x
i ′ ) is obvious from the orthogonality of e (ℓ) i .
Corollary 3.2. Let T
Proof. The eigenpairs of T The eigenvalues of an n-by-n k-tridiagonal k-Toeplitz matrix were given in [8, Theorem 2] . We note that the eigenvalues of the matrix under the condition that ℓ = k and n =ñk correspond to those obtained from Proposition 3.1. a, b) have the following expression: a, b ) is assumed to be nonsingular when r < 0.
Arbitrary integer powers of k-tridiagonal ℓ-Toeplitz matrices

Arbitrary integer powers of T
Proof. For simplicity, letT(i) := T
i . First, consider the case of r = 0. Then, we have
Second, consider the case of r > 0. It follows that
where (11) and (12) are obtained from the properties of tensor product in (3) and the orthogonal projection E (ℓ) i , respectively. Finally, consider the case of r < 0. Since T , b) is nonsingular,T(i) are nonsingular, which is easily seen from [11] . Then, let
From the properties of tensor product in (3) and the orthogonal projection E (ℓ)
i , it follows that
Hence, X is the inverse matrix of the k-tridiagonal ℓ-Toeplitz matrix. Since r < 0 and X has the same structure as T , a i , b i ) )︁ r ⊗ Im ⊗ e 
}︂ .
Conclusion
In the present paper, we gave a decomposition of a k-tridiagonal ℓ-Toeplitz matrix by using tensor product and matrix addition. We have shown that the eigenpairs and arbitrary integer powers of the matrix are easily computed from those of the smaller matrix obtained from the decomposition.
